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ON ORBITAL PARTITIONS AND EXCEPTIONALITY
OF PRIMITIVE PERMUTATION GROUPS

R. M. GURALNICK, CAI HENG LI, CHERYL E. PRAEGER, AND J. SAXL

Abstract. Let G and X be transitive permutation groups on a set Ω such
that G is a normal subgroup of X. The overgroup X induces a natural action
on the set Orbl(G,Ω) of non-trivial orbitals of G on Ω. In the study of Galois
groups of exceptional covers of curves, one is led to characterizing the triples
(G,X,Ω) where X fixes no elements of Orbl(G,Ω); such triples are called
exceptional. In the study of homogeneous factorizations of complete graphs,
one is led to characterizing quadruples (G,X,Ω,P) where P is a partition of
Orbl(G,Ω) such that X is transitive on P; such a quadruple is called a TOD
(transitive orbital decomposition). It follows easily that the triple (G,X,Ω) in
a TOD (G,X,Ω,P) is exceptional; conversely if an exceptional triple (G,X,Ω)
is such that X/G is cyclic of prime-power order, then there exists a partition
P of Orbl(G,Ω) such that (G,X,Ω,P) is a TOD. This paper characterizes
TODs (G,X,Ω,P) such that XΩ is primitive and X/G is cyclic of prime-
power order. An application is given to the classification of self-complementary
vertex-transitive graphs.

1. Introduction

Given a transitive permutation group G on a set Ω, there is a natural action of
G induced on the set Ω × Ω. The G-orbits in this action are the G-orbitals on Ω.
The trivial orbital is the diagonal orbit ∆ = {(ω, ω) | ω ∈ Ω}; the other orbitals
are said to be non-trivial. We write Ω(2) := (Ω×Ω) \∆, and denote by Orbl(G,Ω)
the set of G-orbits in Ω(2). A G-orbital decomposition is a partition of Orbl(G,Ω),
which induces a G-invariant partition of Ω(2), and the number of parts is called the
index of the decomposition. If a G-orbital decomposition P and a group X with
G < X ≤ Sym(Ω) are such that P is X-invariant and X is transitive on P , then
the quadruple (G,X,Ω,P) is called a transitive orbital decomposition, or a TOD
for short. A TOD (G,X,Ω,P) is said to be cyclic if XP is cyclic.

We observe that if (G,X,Ω,P) is a TOD of index k, then so is (Ĝ,X,Ω,P),
where Ĝ is the kernel of X acting on P . Now G ≤ Ĝ and Ĝ is normal in X . Thus,
replacing G by Ĝ, we may always replace a cyclic TOD (G,X,Ω,P) by (Ĝ,X,Ω,P),
which is a cyclic TOD with Ĝ normal in X and X/Ĝ is a cyclic group.
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Transitive orbital decompositions arise in a number of different areas. The
reader is referred to [LP01] for further motivation and background. For exam-
ple, the case where k = 2 corresponds to a class of digraphs which is important
to Ramsey numbers: For a digraph Γ with vertex set V , the complement Γ of Γ
is the digraph with vertex set V such that (v, v′) is an edge of Γ if and only if
it is not an edge of Γ. In the case where Γ is isomorphic to Γ, the digraph Γ is
said to be self-complementary. Then a TOD of index 2 exactly corresponds to
a self-complementary vertex-transitive digraph. The class of self-complementary
vertex-transitive digraphs has received considerable attention in the literature, see
for example [Li97], [LP00], [Muz99], [Sac62]. We now recall the concept of excep-
tional permutation groups. Let G be a transitive normal subgroup of a permutation
group X on Ω. Then X induces an action on Orbl(G,Ω). If X fixes no element
in Orbl(G,Ω), then the triple (G,X,Ω) is said to be exceptional. The exception-
ality of transitive permutation groups arises naturally in considerations of Galois
groups of exceptional covers of curves - cf. [FGS93], [GMS01]. Much information
on exceptional triples may be found in [GMS01].

By definition, if (G,X,Ω,P) is a cyclic TOD with G�X and X/G = XP , then
(G,X,Ω) is an exceptional triple. On the other hand, an exceptional triple (G,X,Ω)
with X/G cyclic of prime-power order gives rise to a cyclic TOD (G,X,Ω,P) of
prime-power index, see Lemma 2.1. Cyclic TODs of prime index play a central role
in the study of TODs (G,X,Ω,P): Since X acts transitively on P of degree k, by
a theorem of [FKS81], X contains an element x of order pe with p a prime dividing
k and e ≥ 1, which acts fixed-point-freely on P ; it then follows that there is a
partition Q of index p refined by P such that (G, 〈G, x〉,Ω,Q) is a TOD of index p
(cf. [LP01, Lemma 3.6]). A TOD (G,X,Ω,P) is said to be point-primitive if X is
primitive on Ω. It is shown in [LP01, Theorem 1.2] that to each TOD (G,X,Ω,P)
there corresponds at least one point-primitive TOD (Ĝ, X̂, Ω̂, P̂) of the same index
with Ĝ, X̂ sections of G,X respectively, Ω̂ ⊂ Ω and XP = X̂ P̂ . This suggests that
an understanding of point-primitive TODs is crucial for a proper understanding of
TODs in general.

The product of all minimal normal subgroups of a group G is called the socle of
G and denoted by soc(G). A group X is said to be almost simple if its socle T is a
nonabelian simple group; we will always identify such a group X with a subgroup
of Aut(T ). We develop a result of [GMS01] to obtain the following classification.

Theorem 1.1. Let (G,X,Ω,P) be a TOD with X an almost simple group primitive
on Ω, G normal in X, and X/G a cyclic p-group for some prime p. Let H denote the
stabilizer in X of a point in Ω and set T = soc(X). Let σ be an outer automorphism
of G such that X = 〈G, σ〉. Then one of the following holds, and in each case we
get examples:

(i) T = L(qp) is a simple Chevalley group defined over a field of order qp, σ
is a field automorphism, H is the normalizer of L(q) and p does not divide
the order of L(qp);

(ii) T = PSL2(2e) with e a power of p and p odd, σ is a field automorphism of
order e and H ∩ T ∼= D2(2e+1) is the normalizer of a nonsplit torus of T ;

(iii) T = PSL2(qe) with e even, q odd, p = 2, G is an extension of odd index of
T , σ is an involutory field-diagonal automorphism and H ∩ T ∼= Dqe−1 is
the normalizer of a split torus of T ;
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(iv) T = PSU3(2e) with p = 3 and e > 1, e a power of 3, σ is a field-diagonal
automorphism of order e and H ∩ T is the stabilizer of an orthogonal de-
composition of the natural module;

(v) T = Sz(2e), e a power of an odd prime p other than 5, σ is a field auto-
morphism of order e, and H ∩T is the normalizer of a Sylow 5-subgroup of
T .

Let X be a transitive permutation group on a set Ω, and let N = soc(X).
For a subgroup Y ≤ X , denote by Yω the stabilizer in Y of ω ∈ Ω, that is,
Yω = {y ∈ Y | ωy = ω}. Assume that N is transitive on Ω. If N is an elementary
abelian group, then X is said to be of affine type. Suppose now that N = T l

is a minimal normal subgroup of X and that T is a nonabelian simple group. If
Nω ∼= T , then X is said to be of simple diagonal type; if Nω ∼= Tm for some integer
m ≥ 2, then X is said to be of compound diagonal type; while if 1 6= Nω 6= Tm for
any m ≥ 1 and l ≥ 2, then X is said to be of product action type. See Section 2 for
more details of these types.

The next theorem gives a characterization of point-primitive cyclic TODs of
prime-power index.

Theorem 1.2. Let (G,X,Ω,P) be a cyclic TOD of index pe with p prime and X
primitive on Ω, and let soc(X) = T l, where T is simple and l ≥ 1. Then one of the
following holds:

(i) affine: T = Zr with r prime and r 6= p;
(ii) almost simple: T is nonabelian, and l = 1 with T, p as in Theorem 1.1;
(iii) simple diagonal: T is nonabelian, l = pe ≥ p, and p - |T |, as in Con-

struction 2.5;
(iv) product action: T is nonabelian, l ≥ 2, X ≤ Aut(T ) oSl in product action

on Ω = ∆l, and there exists a point-primitive TOD (T, 〈T, σ0〉,∆,Q) of
index pe0 for some positive integer e0 as in part (ii) for some T -invariant
partition ∆ of ∆;

(v) compound diagonal: T is nonabelian, l ≥ 4, X is of compound diagonal
type on ∆l0 with l0 ≥ 2, l0 | l, and there exists a TOD (T, 〈T, σ0〉,∆,Q)
of index pe0 for some positive integer e0 as in part (iii) for some T l/l0-
invariant partition ∆ of ∆.

Moreover, in each case there exist examples.

Remark. The almost simple examples are classified in Theorem 1.1, and Construc-
tion 2.5 gives all simple diagonal examples. For any almost simple or simple diagonal
example, and any l or l0, Construction 2.8 or 2.9 gives an example of product action
type or compound diagonal type respectively.

We now turn our attention to the case of self-complementary graphs. For a TOD
(G,X,Ω,P) of index k with P = {P1, . . . , Pk}, there are k digraphs Γi with vertex
set Ω and edge set Pi. They form a homogeneous factorization of the complete
digraph Kn where n = |Ω|. As observed before, in the case where k = 2, the factor
Γ2 = Γ1, and Γ1 is a self-complementary digraph. As a corollary of Theorem 1.2,
we have a characterization of self-complementary digraphs with X primitive on
vertices. In [LP00], there is a construction of the first family of self-complementary
digraphs which are vertex-transitive but not Cayley digraphs. Many of the examples
given are undirected, that is, if (ω, ω′) is an edge then so is (ω′, ω). However,
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the initial digraphs used in the construction in [LP00], with q2(q2 + 1)/2 vertices
and automorphism group PSL2(q2), are not undirected. A question was left open
as to whether the initial digraphs could have been chosen to be undirected. We
now answer this by showing that there are no such undirected graphs with almost
simple automorphism groups. For a self-complementary digraph Γ, an isomorphism
between Γ and Γ is called a complementing permutation.

Theorem 1.3. Let Γ be a vertex-transitive self-complementary digraph with vertex
set V . Let G = AutΓ, and let σ be a complementing permutation. Assume that
X := 〈G, σ〉 is primitive on V . Then one of the following is true:

(i) X is an affine group with socle of odd order;
(ii) X is almost simple with socle PSL2(q2) with q odd;
(iii) X is of product action type with socle PSL2(q2)l, where q is odd and l ≥ 2.

Moreover, if Γ is undirected, then X is affine or of product action type.

For the almost simple case, we further have

Corollary 1.4. Let Γ be a vertex-transitive self-complementary digraph with vertex
set V and σ a complementing permutation. Assume that AutΓ is almost simple.
Then

(i) Γ is not undirected;
(ii) |V | = q2(q2 + 1)/2, soc(AutΓ) = PSL2(q2) with q odd, and σ is a field-

diagonal automorphism.

2. Constructing examples

Let G be a transitive permutation group on a set Ω. For ω ∈ Ω, an orbit of
Gω on Ω \ {ω} is called a suborbit of G at ω. Orbitals and suborbits at ω are
in one-to-one correspondence: an orbital ∆ uniquely corresponds to a suborbit
∆(ω) = {ω′ | (ω, ω′) ∈ ∆} at ω. Identify Ω with [G : Gω ] = {Gωg | g ∈ G}, and
identify the action of G on Ω with the coset action of G on [G : Gω ]. Then also
suborbits of G at ω exactly correspond to double cosets GωgGω, where g ∈ G.

2.1. A method for constructing cyclic TODs. For a transitive permutation
group G on a set Ω, assume that X is such that G�X ≤ Sym(Ω) and X/G is cyclic.
Since G is transitive, X = GXω and hence there exists an element σ ∈ Xω \ Gω
such that X = 〈G, σ〉. Since G is normal in X , the subgroup 〈σ〉 induces an action
on the double cosets of Gω by

(GωgGω)σ = Gωg
σGω, where g ∈ G.

Through this action, 〈σ〉 acts on Orbl(G,Ω). The following lemma is an immediate
consequence of [LP01, Lemma 6.1]; a similar result was proved in [GMS01].

Lemma 2.1. Let G be a transitive permutation group on Ω, and assume that
G � X ≤ Sym(Ω) is such that X = 〈G, σ〉, where σ ∈ Xω \ Gω for some ω ∈ Ω.
Assume further that σ has prime-power order. Then the following are equivalent:

(a) there exists a partition P of Ω(2) such that (G,X,Ω,P) is a cyclic TOD of
index k > 1 for some k dividing o(σ);

(b) σ fixes no GωgGω for g ∈ G \Gω;
(c) (G,X,Ω) is an exceptional triple.
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We note that the element σ in Lemma 2.1 induces a non-trivial automorphism
of the group G and normalizes the point-stabilizer Gω. By Lemma 2.1, in order
to construct cyclic TODs of prime-power index, we only need to find groups G
with a core-free subgroup H and an automorphism σ such that σ is of prime-power
order, normalizes H , and fixes no double coset HgH for g ∈ G \H . A method for
constructing cyclic TODs may be formulated as follows. This is a special case of
[LP01, Construction 3.1].

Construction 2.2. Assume that a group G has a core-free subgroup H and an
automorphism σ such that σ has p-power order with p prime and σ normalizes H .
Assume further that σ fixes no HgH , where g ∈ G \H . Let X = 〈G, σ〉, and let
Ω = [G : H ]. Let ∆1, . . . ,∆r be the orbits of 〈σ〉 acting on Orbl(G,Ω), and let
li = |∆i|. Clearly, each li is a p-power. Let k = min{l1, . . . , lr}, and let ∆i1, . . . ,∆ik

be the orbits of 〈σk〉 acting on ∆i. Let Pj =
⋃

1≤i≤r ∆ij , and let P = {P1, . . . , Pk}.
Then (G,X,Ω,P) is a cyclic TOD of index k. �

It is easily shown that P is a partition of index k of Orbl(G,Ω) such that 〈σ〉 is
transitive on P , and thus the quadruple (G,X,Ω,P) given by Construction 2.2 is
a cyclic TOD of index k, and the triple (G,X,Ω) is an exceptional triple.

It is well known that a group with a fixed-point-free automorphism is soluble,
see [GO, Theorem 1.48] or [GMS01, Proposition 3.22]. This, together with a result
of [FKS81] and Lemma 2.1, yields the next lemma, see [GMS01, 3.23] or [LP01,
Lemma 3.7].

Lemma 2.3. Let (G,X,Ω,P) be a TOD of index k such that X has a regular
normal subgroup N contained in G. Then N is soluble.

This shows that if (G,X,Ω,P) is a point-primitive TOD and X has a normal
subgroup which is regular on Ω, then X is an affine group, that is, soc(X) is
elementary abelian. There are many known examples of TODs of this type, see
for instance [LP01, Construction 6.3]. Now we assume that (G,X,Ω,P) is a point-
primitive TOD and soc(X) is nonabelian. Then by Lemma 2.3, soc(X) is not
regular, and thus by the O’Nan-Scott theorem (refer to [LPS00]), either X is almost
simple, or X is one of the types: simple diagonal, compound diagonal or product
action. In the rest of this section, we will construct cyclic TODs corresponding to
each of these four types of primitive permutation groups.

2.2. Almost simple case. There are five infinite families of almost simple groups
giving rise to TODs. In each of the following cases, we have a triple (G,H, σ) such
that (G, 〈G, σ〉,Ω) is exceptional where Ω = [G : H ] and σ ∈ NSym(Ω)(H):

(i) Let G = L(qp) be a simple Chevalley group defined over a field of order
qp with p a prime that does not divide the order of L(q). Let H be the
normalizer of L(q) in G, and let σ be a field automorphism of G of order a
power of p.

(ii) Let G = PSL2(2e), where e is a p-power with p an odd prime. Let σ be a
field automorphism of G of order e, and let H ∼= D2(2e+1) be the normalizer
of a nonsplit torus of G.

(iii) Let G = PSL2(q2) with q odd, and let H be the normalizer of a split torus
isomorphic to Dq2−1. Let σ be the product of a diagonal automorphism
and a field automorphism of even order.
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(iv) Let G = PSU3(2e) be such that e is a power of 3, and let H be the stabilizer
of an orthogonal decomposition of the natural module. Let σ be a field-
diagonal automorphism of order e.

(v) Let G = Sz(2e) be such that e is a power of the odd prime p 6= 5, and
let H be the normalizer in G of a Sylow 5-subgroup. Let σ be a field
automorphism of order e.

The next lemma, proved in [GMS01, §3], tells us that each triple (G,H, σ) given
above gives rise to an exceptional triple.

Lemma 2.4. Let (G,H, σ) be one of the triples listed above. Then σ fixes no HgH
for g ∈ G \H, that is, (G, 〈G, σ〉, [G : H ]) is an exceptional triple.

Thus by Construction 2.2, there exists a partition P of Orbl(G,Ω) such that
(G,X,Ω,P) is a cyclic TOD.

2.3. Simple diagonal construction. A permutation group is said to be quasi-
primitive if all of its non-trivial normal subgroups are transitive. A TOD (G,X,Ω,P)
is said to be point-quasiprimitive if X is quasiprimitive on Ω.

The following construction produces triples (G,X, σ) with X quasiprimitive of
simple diagonal type, and implies that there are many cyclic TODs of this type.

Construction 2.5. (This constructs a triple (G,H, σ) such that (G, 〈G, σ〉,Ω) is
exceptional, where Ω = [G : H ].) Let G = T1 × · · · × Tpe ∼= T p

e

, where p is a
prime and T1

∼= · · · ∼= Tpe ∼= T , where T is a nonabelian simple group such that
p - |T |. Let H = {(t, t, . . . , t) | t ∈ T }, a full diagonal subgroup of G. Let σ be the
automorphism of G of order pe defined by

σ : (t1, t2, . . . , tpe)→ (tpe , t1, t2, . . . , tpe−1)

for (t1, . . . , tpe) ∈ G. Then 〈σ〉 acts cyclically on the factors T1, T2, . . . , Tpe , and σ
normalizes H . Let Ω = [G : H ], and let X = 〈G, σ〉. Then X < G.(Out(T )×Spr) <
Sym(Ω), and in this representation σ = (12 . . . pr) ∈ Spr . �

The following lemma shows that a triple (G,X, σ) produced in Construction 2.5
gives rise to a cyclic TOD.

Lemma 2.6. Let (G,X, σ) be as in Construction 2.5. Then σ fixes no HgH for
g ∈ G \H, so (G,X, [G : H ]) is an exceptional triple.

Proof. Suppose that an element g = (t1, t2, . . . , tpe) ∈ G is such that σ fixes HgH ,
that is, gσ = h1gh2 for some h1, h2 ∈ H . We have that h1 = (x, x, . . . , x) and
h2 = (y, y, . . . , y) with x, y ∈ T . Then

(tpe , t1, . . . , tpe−1) = gσ = h1gh2

= (x, x, . . . , x)(t1, t2, . . . , tpe)(y, y, . . . , y)
= (xt1y, xt2y, . . . , xtpey).

Writing s = tpe , we have that tpe−i = xisyi for i = 1, 2, . . . , pe (writing t0 = tpe).
In particular, s = xp

e

syp
e

. It follows that s = xp
eksyp

ek for all integers k (positive
and negative). Since p is coprime to |T |, there exists an integer j such that pej ≡ 1
(mod |T |), and so xp

ej = x and yp
ej = y. Hence s = xp

ejsyp
ej = xsy, and so

s = xisyi for all i. Thus t1 = t2 = · · · = tpe = s, and so g ∈ H . �
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2.4. Product action construction. Here we provide general constructions that
take as input a triple (G,K, σ) from Subsection 2.2 or 2.3 and an integer l ≥ 2, and
produce an exceptional triple for the group Gl. These constructions make use of the
product action of a wreath product. A crucial result needed for these constructions
is proved in Lemma 2.7.

Let G = N1 × N2 × · · · × Nl be such that N1
∼= N2

∼= · · · ∼= Nl ∼= N . Then
Aut(G) has a subgroup Aut(N) oSl. Assume that σ is an element of Aut(N) oSl such
that Nσ

i = Ni+1 for each i (reading the subscripts modulo l). Then σl normalizes
each Ni. Suppose that K = H1 × H2 × · · · × Hl is a subgroup of G such that
Hi < Ni, σ normalizes K and σl normalizes each Hi. Then 〈σ〉 acts naturally on
{KgK | g ∈ G \K} and 〈σl〉 acts naturally on {HitHi | t ∈ Ni \Hi} for each i.
Moreover, we have

Lemma 2.7. Let G,K, σ be as above. Then σ fixes no KgK for g ∈ G \K if and
only if for all i, σl fixes no HitHi with t ∈ Ni \Hi.

Proof. Suppose that σ fixes KgK for some g ∈ G\K, that is, KgσK = (KgK)σ =
KgK. Then in particular, Kgσ

l

K = (KgK)σ
l

= KgK. Write g = (t1, t2, . . . , tl) ∈
G, where ti ∈ Ni. Then we have

KgK = (H1t1H1)× (H2t2H2)× · · · × (HltlHl), and
Kgσ

l

K = (KgK)σ
l

= (H1t
σl

1 H1)× (H2t
σl

2 H2)× · · · × (Hlt
σl

l Hl),

so that (HitiHi)σ
l

= Hit
σl

i Hi = HitiHi for each i. Since g /∈ K, there exists i such
that ti /∈ Hi, and hence σl fixes HitiHi with ti /∈ Ni \Hi.

Assume now that σl fixes H1tH1 for some t ∈ N1 \ H1, that is, H1t
σlH1 =

(H1tH1)σ
l

= H1tH1. Then tσ
l ∈ H1tH1, and so tσ

l

= h1th2 for some h1, h2 ∈ H1.
Now for i = 1, . . . , l−1, we have tσ

l+i ∈ Ni+1. Let g = (tσ
l

, tσ
l+1
, . . . , tσ

2l−1
). Then

g ∈ G \K, and

gσ = (tσ
l

, tσ
l+1
, . . . , tσ

2l−1
)σ

= (tσ
2l
, tσ

l+1
, . . . , tσ

2l−1
)

= ((h1th2)σ
l

, tσ
l+1
, . . . , tσ

2l−1
)

= (hσ
l

1 t
σlhσ

l

2 , t
σl+1

, . . . , tσ
2l−1

)
= (hσ

l

1 , 1, . . . , 1)(tσ
l

, tσ
l+1
, . . . , tσ

2l−1
)(hσ

l

2 , 1, . . . , 1) ∈ KgK.
Thus σ fixes KgK. �

Point-quasiprimitive cyclic TODs of product action type and of compound diago-
nal type will be constructed below. As preparation we make the following definition
of a certain type of transitive subgroup of a wreath product in product action. Let
N be a transitive permutation group on a set ∆, and let G = N1 × · · · ×Nl = N l

and M = NSym(∆)(N). For a subgroup L ≤ Sl, the product action of the wreath
product M o L = M l.L on Ω = ∆l is defined by

(x1, . . . , xl) : (δ1, . . . , δl) 7→ (δx1
1 , . . . , δxll ),

τ : (δ1, . . . , δl) 7→ (δ1τ−1 , . . . , δlτ−1 ),

for (x1, . . . , xl) ∈ M l, τ ∈ L, and (δ1, . . . , δl) ∈ Ω = ∆l. The subgroup G is
transitive on Ω since N is transitive on ∆, and G is normal in M oL sinceN is normal
in M . Let G < X < N o L be such that X/G ∼= Zl and X permutes N1, . . . , Nl
transitively by conjugation. Let ω = (δ, . . . , δ) ∈ Ω. Then we have X = GXω, and
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hence there exists an element σ ∈ Xω \Gω such that X = 〈G, σ〉 and Xω = 〈Gω , σ〉.
Let H = Nδ, so that Gω = H1 × · · · ×Hl = H l and (M o L)ω = Mδ o L. Suppose
now that σ has the form σ = (ψ, 1, . . . , 1)(12 . . . l), where ψ ∈ NM (H). Then
σl = (ψ, . . . , ψ), and 〈N,ψ〉 is a transitive permutation group on ∆.

Construction 2.8. (This produces a triple (G,K, σ) such that (G, 〈G, σ〉,Ω) is
exceptional, where Ω = [G : K].) Let N = T be a nonabelian simple group, and
assume that N is a transitive subgroup of Sym(∆). Let H = Nδ with δ ∈ ∆, and
let ψ ∈ NSym(∆)(N)∩NSym(∆)(H) be such that (N, 〈N,ψ〉, ψ) is a triple satisfying
one of (i)-(iv) in Subsection 2.2. Let G = N l = N1 × · · · × Nl ≤ Sym(∆l), acting
naturally on Ω = ∆l. Let

K = G(δ,...,δ) = H l = H1 × · · · ×Hl,
Ω = [G : K], and
σ = (ψ, 1, . . . , 1)(12 . . . l) ∈ 〈N,ψ〉 o Sl < Sym(Ω).

�

Construction 2.9. (This produces a triple (G,K, σ) such that (G, 〈G, σ〉,Ω) is
exceptional, where Ω = [G : K].) Let N = T l0, where T is a nonabelian simple
group and l0 = pe for some prime p and e ≥ 1 such that p - |T |. Let H =
{(t, t, . . . , t) | t ∈ T } and ∆ = [N : H ], so that N is a transitive subgroup of
Sym(∆) and H = Nδ for δ = H ∈ ∆. Let ψ ∈ NSym(∆)(N) ∩ NSym(∆)(H) be
such that (N, 〈N,ψ〉, ψ) is a triple (G,H, σ) produced in Construction 2.5. Let
G = N l = N1 × · · · ×Nl ≤ Sym(∆l), acting naturally on Ω = ∆l. Let

K = G(δ,...,δ) = H l = H1 × · · · ×Hl,
Ω = [G : K], and
σ = (ψ, 1, . . . , 1)(12 . . . l) ∈ NSym(Ω)(G).

�

The following lemma shows that examples of point-quasiprimitive cyclic TODs
of product action type and compound diagonal type may be produced by Construc-
tions 2.8 and 2.9.

Lemma 2.10. Any triple (G, 〈G, σ〉,Ω) produced by Construction 2.8 or Construc-
tion 2.9 is an exceptional triple.

Proof. Now σl = (ψ, ψ, . . . , ψ), and ψ ∈ NSym(∆)(H). Since (N, 〈N,ψ〉, ψ) is ex-
ceptional, by Lemma 2.1, σl fixes no HitHi for t ∈ Ni \Hi. Then by Lemma 2.7,
σ fixes no KgK for g ∈ G \ K. Thus again by Lemma 2.1, (G, 〈G, σ〉,Ω) is an
exceptional triple. �

3. Proof of Theorem 1.1

The following lemma determines the point-primitive TODs of almost simple type,
completing the proof of Theorem 1.1.

Lemma 3.1. Let (G,X,Ω,P) be a cyclic point-primitive TOD such that X/G
is cyclic of p-power order with p a prime. Assume further that X is an almost
simple group. Write H = Xω for ω ∈ Ω, and let T be the unique minimal normal
subgroup of X. Let σ be such that X = 〈G, σ〉. Then T, σ,H satisfy one of (i)-(v)
of Theorem 1.1.
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Proof. By Lemma 2.1, the triple (G,X,Ω) is exceptional. We use the classification
theorems from [GMS01, Section 3]. We recall some of the argument there and refine
it for our situation here. Arguing as in the first paragraph of Subsection 2.1, we
get X = 〈G, σ〉 where σ ∈ Xω \Gω and we may take σ to be a p-element.

If T is sporadic or An with n 6= 6, there are no examples of exceptionality: this
is not hard to show, see [GMS01, 3.34]. If T = A6, we view it as PSL2(9) and it
does occur in case (iii) of Theorem 1.1 with G = T .

Thus we may assume that T = L(q0) is a Lie type simple group defined over a
field of order q0, and T is not isomorphic to an alternating group.

First suppose that H is a ‘subfield group’. Thus, q0 = qm1 with m prime, and H
is the normalizer of L(q1). By [GMS01, 3.29, 3.30, 3.33] and the fact that X/G has
prime power order, it follows that m ≥ 3 with equality only possible in the case
that T = Sz(2a) with a odd and divisible by 3. Write σ as σ = dfτ , where d, f, τ
are suitable diagonal, field and graph automorphisms (possibly trivial). Since σ is a
p-element, we may take these also to be p-elements. Note that τ nontrivial implies
that p ≤ 3 with equality only possible when T is an 8-dimensional orthogonal group.

It follows from the arguments in [GMS01, 3.8] that m = p. We sketch a proof.
As noted in [GMS01], if C is any X-stable conjugacy class of G, then g ∈ C implies
that g has a fixed point on Ω (because then X = GCX(g) and so g ∈ CX(σg′)
for some g′ ∈ G and σg′ has a unique fixed point). We can take C to be any fτ -
invariant class of semisimple elements (as such classes are invariant under diagonal
automorphisms). Since H does not contain elements from every class of semisimple
elements, it follows that fτ 6= 1.

Consider first the case where f is not 1, that is, a field automorphism is involved
in σ. The centralizer of fτ will be a group L(q2) of the same type as T , possibly
twisted with q0 = qb2 with b a power of p. We see that if m 6= p, then there
exist semisimple classes C which intersect this L(q2) but do not intersect L(q1) (for
example, we can take suitable elements whose orders are certain primitive prime
divisors). This shows that m = p in this case.

Next consider the case where f = 1. Since fτ 6= 1, τ is then nontrivial. It is
easy to dispose of this case too. For example, if L is linear of even dimension n,
there exist semisimple classes in PSpn(q0) which do not meet Ln(q1).

We next show that p does not divide the order of T . Since σ has a unique fixed
point, |Ω| has order prime to p, and so H contains a Sylow p-subgroup of X , and
hence H ∩ T contains a Sylow p-subgroup of T . In particular, p does not divide
q0. Now we prove that p does not divide |H ∩ T |. For suppose it did. Since the
order of T is a power of q0 times a product of cyclotomic polynomials evaluated at
q0 and the order of H ∩ T is the same with q0 replaced by q1, it follows (using the
fact that m = p) that p divides |T : H ∩ T | = |Ω|, which is a contradiction. Thus p
does not divide |H ∩ T |, and since H ∩ T contains a Sylow p-subgroup of T , in fact
p does not divide |T |.

In particular, there are no nontrivial diagonal automorphisms of T of order p. It
follows that 〈σG〉 and 〈fG〉 are both Sylow p-subgroups of the subgroup 〈dG, fG〉
of Aut(T )/G, and hence are conjugate in 〈dG, fG〉, that is, there exists an element
τ ∈ 〈G, d, f〉 such that 〈(σG)τ 〉 = 〈fG〉. Now

Xτ = 〈στ , Gτ 〉 = 〈f,Gτ 〉,
and (Gτ , Xτ ,Ω′) is an exceptional triple equivalent to (G,X,Ω), where Ω′ = [Xτ :
Xτ
ω]. Thus Theorem 1.1 (i) holds.
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By [GMS01, 3.29, 3.30], the only possible cases that are left with X/G a p-group
are:

(1) T = PSL2(2e) with e odd, p is odd, and H ∩ T dihedral of order 2(2e + 1);
(2) T = PSL2(3e) with e > 1 odd and H ∩ T dihedral of order 3e + 1;
(3) T = PSL2(re), r > 2 with e even, p = 2, and H ∩T dihedral of order re−1;
(4) T = PSU3(2e) with e > 1 odd, p = 3 and H ∩ T the stabilizer of an

orthogonal decomposition of the natural module; or
(5) T = Sz(2e), e a power of the odd prime p 6= 5, and H ∩ T is the normalizer

of a Sylow 5-subgroup.
In the first case, we claim that e is a power of p and σ is a field automorphism of

order e. Clearly, σ may be taken to be a field automorphism. If the order of σ is f ,
then its centralizer is PSL2(2e/f ), which must be contained in our dihedral group,
whence e = f . Thus, e is a power of p and Theorem 1.1 (ii) holds. By [FGS93] (see
also [GMS01, 3.27]), there are examples in this case.

The second case turns out to be impossible here: If p is odd, then this is not
exceptional, since the centralizer of a field automorphism is not contained in H . If
p = 2, then σ induces a diagonal automorphism and the centralizer of σt for various
t contains every possible semisimple element of T , which is a contradiction.

Next consider T = PSL2(re), r > 2 with e even and H ∩ T dihedral of order
re − 1. If p 6= 2, then PSL2(r2) ≤ H , which implies that H is a subfield group. So
p = 2, as in Theorem 1.1 (iii). This is an example by [GMS01, 3.28].

Next, consider T = PSU3(2e) with e odd, e > 1, and H ∩ T the stabilizer of an
orthogonal decomposition of the underlying vector space. We claim that σ must
involve a diagonal automorphism. Otherwise for some t ∈ T , σt would be a field
automorphism whose centralizer contains PSU3(2). This subgroup does not act
imprimitively and so is not contained in a conjugate of H . Since the group of outer
diagonal automorphisms has order divisible by 3, it follows that p = 3. We claim
that e is a power of 3. If not, choose t ∈ T such that the centralizer of σt contains
SU2(2f ) with f the 3′-part of e. If f > 1, then this subgroup cannot embed in
H . We have now shown that X/G must be generated by the product of a diagonal
automorphism and a field automorphism of order e. Thus Theorem 1.1 (iv) holds.
If e is a power of 3, we have an example by [GMS01, 3.30].

Finally, the case T = Sz(2e) appears in the conclusion of the theorem. �

4. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. First we determine the possible O’Nan-
Scott types of point-primitive TODs.

Lemma 4.1. Let (G,X,Ω,P) be a cyclic TOD with X primitive on Ω such that
X/G is a cyclic p-group for some prime p. Then XΩ is of affine, almost simple,
simple diagonal, compound diagonal, or product action type. Moreover, for each of
these types, there do exist examples.

Proof. It follows from Lemma 2.3 and the O’Nan-Scott Theorem that X is of affine,
almost simple, simple diagonal, compound diagonal, or product action type. We
note that p is coprime to |Ω|, see [LP01, Lemma 2.5]. Thus, if X is affine, then
the socle of X has order coprime to p. It is known that there exist examples of
affine type; see for example [LP01, Section 6] for a quite general construction. By
Theorem 1.1, there exist TODs of almost simple type; while by Constructions 2.5,
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2.8 and 2.9, there exist TODs of simple diagonal, compound diagonal, and product
action types, respectively. �

Remark 4.2. If XΩ is of affine type, then soc(X) = Zdr for some prime r, and as
noted in the proof above, r 6= p.

Thus to complete the proof of Theorem 1.2, we need to verify the assertions in
parts (iii), (iv), (v). First we deal with part (iii), namely cyclic TODs (G,X,Ω,P)
such that X is quasiprimitive of simple diagonal type. For a quasiprimitive per-
mutation group X with socle G = T l on Ω, if X is of simple diagonal type, then
G ≤ X ≤ G(Aut(T ) × Sl), where Aut(T ) ∩ G = Inn(T ) is identified with H =
{(t, . . . , t) | t ∈ T }. Let ω ∈ Ω. Then we may identify Ω = [G : H ] and H = Gω.
For a TOD (G,X,Ω,P) with X = 〈G, σ〉, we may take σ ∈ Xω ≤ Aut(T )× Sl and
σ /∈ Gω .

Lemma 4.3. Let X be a quasiprimitive permutation group on a set Ω of simple
diagonal type with socle G = T l for some l ≥ 2. Then there exists a partition P of
Orbl(G,Ω) such that (G,X,Ω,P) is a cyclic TOD of p-power index with p prime
if and only if

(i) l = pe for some e ≥ 1,
(ii) p is coprime to |T |, and
(iii) there exists σ ∈ X of the form σ = (12 . . . pe) ∈ Spe .

Moreover, (G,H, σ) is as in Construction 2.5, where H = {(t, . . . , t) | t ∈ T }.

Proof. Let H = {(t, . . . , t) | t ∈ T }, Ω = [G : H ], and ω ∈ Ω be such that H = Gω.
Assume that conditions (i)–(iii) of the lemma are satisfied. By Lemma 2.6, σ fixes
no HgH for g ∈ G \ H . Then by Construction 2.2, there exists a partition P of
Orbl(G,Ω) such that (G,X,Ω,P) is a TOD of p-power index.

Conversely, assume that (G,X,Ω,P) is a cyclic TOD of index k, where k is a
power of a prime p. Then by Lemma 2.1, there exists σ ∈ Xω which has p-power
order and fixes no element in Orbl(G,Ω). Since p divides |Ω| − 1, we have that p is
coprime to |Ω| = |T |l−1, and so p is coprime to |T |; so part (ii) holds.

Consider the subgroup Y := 〈G, σ〉. Then (G, Y,Ω,P) is also a cyclic TOD of
index k. Suppose that 〈σ〉 is not transitive on {T1, T2, . . . , Tl}. Then we may write
G = L×N such that L is a proper normal subgroup of G and is normalized by σ,
so that L�Y . By Lemma 2.3, L is intransitive on Ω. Then since L�Y , all L-orbits
in Ω have the same length, and since L ∩ H = 1 it follows that L is semiregular
on Ω. Let B be an orbit of L in Ω. Then LB ∼= L is a regular normal subgroup
of Y BB , and by [LP01, Lemma 4.1], there exists a cyclic TOD (GBB, Y

B
B , B,PB) of

index k, which is a contradiction to Lemma 2.3. Therefore, 〈σ〉 is transitive on
{T1, T2, . . . , Tl}, and in particular, l = pe for some e ≥ 1. Thus part (i) holds.

Recall that Y = 〈G, σ〉 ≤ X < G.(Out(T ) × Spe) < Sym(Ω), and σ ∈ Xω <
Aut(T )× Sl. Then renumbering the Ti if necessary, we may write σ = ϕ(12 . . . pe),
where ϕ ∈ Aut(T ) and (12 . . . pe) ∈ Spe . Suppose ϕ 6= 1. Since σ has p-power
order, also ϕ has p-power order. We claim that CT (ϕ) < CT (ϕp

e

). If ϕp
e

= 1,
then CT (ϕ) < T = CT (ϕp

e

), so the claim is true in this case. Thus we may assume
that ϕp

e 6= 1. Then p2 divides o(ϕ). Since p is coprime to |T |, we have that p is
odd and ϕ /∈ Inn(T ). It follows that T is a simple group of Lie type. Further, it
is easily shown that p divides neither the order of a graph automorphism nor the
order of a diagonal automorphism of T . It follows that ϕ is a field automorphism
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of T . It then follows from [GO, p. 102] that CT (ϕ) < CT (ϕp
e

), as claimed. Let
t ∈ CT (ϕp

e

) \ CT (ϕ), and let g = (t, tϕ, . . . , tϕ
pe−1

) ∈ G. Since tϕ 6= t, we have
that g /∈ Gω, so that GωgGω is a non-trivial double coset; further, gσ = g since
tϕ
pe

= t. Therefore, σ leaves invariant the double coset GωgGω, and hence fixes
the corresponding orbital, which is a contradiction. So ϕ = 1 and part (iii) holds.
Moreover, (G,H, σ) are as in Construction 2.5. �

Remark. For each odd prime p, at least one of A5, Sz(8) and PSL2(7) has order
coprime to p. Then Construction 2.5 tells us that there exist TODs of index p of
simple diagonal type for each odd prime p.

By Lemma 4.3, the assertions of Theorem 1.2 (iii) hold for the simple diagonal
case. Now we consider point-primitive cyclic TODs of product action type and
compound diagonal type. For convenience, we define some notation, which will be
used throughout the rest of this section.

Notation 4.4. Let X be a transitive permutation group on Ω such that G :=
soc(X) = N1 × · · · × Nl, where l ≥ 2 and Ni ∼= N is nonabelian. Let N =
{N1, N2, . . . , Nl}, and assume that X acts transitively on N by conjugation. As-
sume further that Ω = ∆l and X ≤ Sym(∆) o Sl in product action. Moreover,
suppose that N is a transitive subgroup of Sym(∆), so G is transitive on Ω. Let
ω = (δ, . . . , δ) ∈ Ω with δ ∈ ∆, so that Gω = H1 × H2 × · · · × Hl = H l, where
H = Nδ. For a subgroup M of X , let ΩM be the set of M -orbits in Ω. Let k = pe

with p prime and e ≥ 1.

We first treat a special case.

Lemma 4.5. Suppose that Notation 4.4 holds, and that (G, Y,Ω,P) is a cyclic
TOD of index k such that Y = 〈G, σ〉 ≤ X for some σ ∈ Yω. Assume also that
〈σ〉 acts transitively on {N1, . . . , Nl′} by conjugation for some l′ ≤ l. Then σl

′

normalizes Ni for each i ≤ l′, and for any 〈Ni, σl
′〉-invariant partition ∆′ of ∆,

there exists a partition Q′ of Orbl(Ni,∆′) such that (Ni, 〈Ni, σ0〉,∆′,Q′) is a cyclic
TOD of index k′, where k′ = pe

′ ≥ p, and σ0 is the permutation of ∆′ induced by
σl
′
.

Proof. Since 〈σ〉 is transitive on P , it follows that k = pe divides o(σ), and so,
replacing σ if necessary by some power σj , we may assume that σ is a p-element.

(1). Assume first that l′ = l. By Lemma 2.1, σ fixes no GωgGω for g ∈ G \Gω.
Since 〈σ〉 acts transitively on N and since σ normalizes Gω, it follows that σl

normalizes each Ni and each Hi. Hence we have σl = (σ1, . . . , σl) ∈ Sym(∆)l.
By Lemma 2.7, σl fixes no HitHi for t ∈ Ni \ Hi. Then by Lemma 2.1, there
is a partition Q of Orbl(Ni,∆) such that (Ni, 〈Ni, σi〉,∆,Q) is a cyclic TOD of
index k′ > 1, where k′ divides o(σi), which in turn divides o(σl). Thus k′ =
pe
′

for some positive integer e′. Let ∆′ be an 〈Ni, σi〉-invariant partition of ∆.
Then by [LP01, Theorem 1.2], there exists a partition Q′ of Orbl(Ni,∆′) such that
(Ni, 〈Ni, σi〉,∆′,Q′) is a cyclic TOD of index k′, where σi is the permutation of ∆′

induced by σi and hence induced by σl. So σi = σ0, and the lemma holds.
(2). Now assume that l′ < l. Then, renumbering the Ni if necessary, we may

write G = L×M such that L = N1×· · ·×Nl′ , M = Nl′+1×· · ·×Nl, and both L and
M are invariant under σ. Then L,M are normal in Y , and σl

′
normalizes Ni for

all i ≤ l′. Consider the action of Y on the set ΩM of M -orbits. Since X acts on Ω
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in product action and since N is transitive on ∆, the M -orbit containing the point
(δ1, . . . , δl) consists of all the points (γ1, . . . , γl) with (γ1, . . . , γl′) = (δ1, . . . , δl′).
Thus each M -orbit corresponds to a (unique) point of ∆l′ . Hence the permutation
group Y induced by Y on ΩM is a subgroup of Sym(∆) o Sl′ in product action,
and we may identify ΩM with ∆l′ . Since G = L ×M , the permutation group G
induced by G on ∆l′ is G = L = N1 × · · · × Nl′ , and since Y = 〈G, σ〉 we have
Y = 〈G, σ〉, where σ is the permutation of ∆l′ induced by σ. Note that 〈σ〉 is
transitive on {N1, . . . , Nl′}. By [LP01, Theorem 1.2], there exists a partition P ′ of
Orbl(G,∆l′) such that (G, Y ,∆l′ ,P ′) is a cyclic TOD of index k. If l′ = 1, then
(G, Y ,∆l′ ,P ′) = (N1, 〈N1, σ〉,∆,Q), and ∆′ is an 〈N1, σ〉-invariant partition of ∆.
Then by [LP01, Theorem 1.2], there exists a partition Q′ of Orbl(N1,∆′) such that
(N1, 〈N1, σ0〉,∆′,Q′) is a TOD of index k′ = k, as required. If l′ ≥ 2, we may apply
part (1) of the proof to the TOD (G, Y ,∆l′ ,P ′). Thus the lemma is proved. �

If X ≤ Sym(∆) oSl in product action on ∆l and X induces a transitive subgroup
of Sl, then X1 = NX(N1) has index l in X and is contained in Sym(∆)o(1×Sl−1) =
Sym(∆)× (Sym(∆) o Sl−1). Let ρ be the natural projection map to Sym(∆). Then
ρ(X) is called the component of X . In particular, if X is a primitive permutation
group on ∆l of product action type, then ∆ and ρ can be chosen so that ρ(X) is an
almost simple primitive group on ∆; while if X is a primitive permutation group
on ∆l of compound diagonal type, then ∆ and ρ can be chosen so that ρ(X) is a
primitive group on ∆ of simple diagonal type.

The next lemma deals with the case where X is primitive of product action type.

Lemma 4.6. Suppose that Notation 4.4 holds and that G ≤ F ≤ X and P are
such that (F,X,Ω,P) is a cyclic TOD of index k and X = 〈F, σ〉 for some σ ∈ Xω.
Assume that X is primitive on Ω = ∆l of product action type. Then N1 = T is
nonabelian simple, and there exist an integer l′ ≤ l, a partition ∆′ of ∆ and a
partition Q of Orbl(T,∆′) such that

(i) 〈T, σ0〉 is an almost simple primitive group on ∆′, where σ0 is the permu-
tation of ∆′ induced by σl

′
, and

(ii) (T, 〈T, σ0〉,∆′,Q) is a cyclic TOD of index k′, where k′ = pe
′ ≥ p.

Proof. Since X is primitive, G = soc(X) is transitive on Ω, and by Lemma 2.1,
σ fixes no double coset FωgFω where g ∈ F \ Fω , and hence σ fixes no GωgGω
for g ∈ G \ Gω. By [LP01, Lemma 6.1], k divides the size of each 〈σ〉-orbit in
Orbl(F,Ω). This implies that k divides the size of each 〈σ〉-orbit in Orbl(G,Ω).
Then applying [LP01, Lemma 6.1] again, (G, 〈G, σ〉,Ω,P ′) is a cyclic TOD of index
k for some partition P ′ of Orbl(G,Ω).

Assume that 〈σ〉 is transitive on {N1, N2, . . . , Nl′}, where l′ ≤ l. Now Ni = T is
a nonabelian simple group and is transitive on ∆. Let σl

′
= (σ1, . . . , σl)π, where

σi ∈ Sym(∆), π ∈ Sl, and π fixes each i ≤ l′. Then for i ≤ l′ the group induced by
〈G, σl′〉 on the ith copy of ∆ is 〈T, σi〉. By the definition of product action type,
the component of X on this copy of ∆ is a primitive almost simple group with socle
T . Thus T ≤ 〈T, σi〉 ≤ Aut(T ). Let ∆′ be a 〈T, σi〉-invariant partition of ∆ such
that 〈T, σi〉 acts primitively on ∆′. Then 〈T, σi〉 acts faithfully on ∆′ as the almost
simple group 〈T, σ0〉, where σ0 is the permutation of ∆′ induced by σi, and hence
by σl

′
. Then by Lemma 4.5, there exists a partition Q of Orbl(T,∆′) such that

(T, 〈T, σ0〉,∆′,Q) is a cyclic TOD of index k′, where k′ = pe
′ ≥ p. �
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By Lemma 4.6, the assertions of Theorem 1.2 (iv) hold for the case where XΩ is
of product action type. In order to complete the proof of Theorem 1.2, we need to
prove the assertions about the compound diagonal case. This is treated in the next
lemma.

Lemma 4.7. Suppose that Notation 4.4 holds and that G ≤ F ≤ X and P are
such that (F,X,Ω,P) is a cyclic TOD of index k and X = 〈F, σ〉 for some σ ∈ Xω.
Assume that X is primitive on Ω = ∆l of compound diagonal type. Then there
exist an integer l′ ≤ l, an 〈N, σl′〉-invariant partition ∆′ of ∆, and a partition Q
of Orbl(N,∆′) such that

(i) 〈N, σ0〉 is quasiprimitive on ∆′ of simple diagonal type, where σ0 is the
permutation of ∆′ induced by σl

′
, and

(ii) (N, 〈N, σ0〉,∆′,Q) is a cyclic TOD of index k′, where k′ = pe
′ ≥ p, and

(N,Nδ, σ0) is as in Construction 2.5 for some δ ∈ ∆′.

Proof. As X is primitive, G = soc(G) is transitive on Ω, and by Lemma 2.1, σ fixes
no double coset FωgFω where g ∈ F \Fω, and hence fixes no GωgGω for G ∈ G\Gω.
As in the first paragraph of the proof of Lemma 4.5, we may assume that σ is a
p-element. Then by Lemma 2.1, (G, 〈G, σ〉,Ω,P) is a cyclic TOD of index k0 > 1,
where k0 divides o(σ), so k0 = pe0 ≥ p. Suppose that 〈σ〉 acts transitively on
{N1, N2, . . . , Nl′} by conjugation for some l′ ≤ l. Then σl

′
normalizes N = Ni for

each i ≤ l′. By Lemma 4.5, there exists a partition Q of Orbl(N,∆) such that
(N, 〈N, σ0〉,∆,Q) is a cyclic TOD of index k′, where k′ = pe

′ ≥ p, and σ0 is as
stated in the lemma.

If N is a minimal normal subgroup of 〈N, σ0〉, then 〈N, σ0〉 is quasiprimitive on
∆ of simple diagonal type, and by Lemma 4.3, parts (i) and (ii) follow with ∆′ = ∆.

Assume now that N is not a minimal normal subgroup of 〈N, σl′〉. Then N =
L × M = T l0 with M a nontrivial normal subgroup and L a minimal normal
subgroup of 〈N, σl′ 〉. By Lemma 2.3, we conclude that l0 ≥ 3. Suppose first that L
is simple. Since l0 ≥ 3, L is intransitive on ∆ and M is a regular normal subgroup
of 〈N, σ0〉, which is a contradiction to Lemma 2.3. Thus L is not simple. Similarly,
M is not simple. Therefore, M is intransitive and L is not regular on ∆. Now
the factor group 〈N, σ0〉/M induces a quasiprimitive permutation group on ∆M

of simple diagonal type. Let σ0 be the permutation of ∆M induced by σ0, and
write L = N/M and ∆′ = ∆M . Let H denote the stabilizer in L of an element
of ∆′. Then by [LP01, Theorem 1.2], there exists a partition Q′ of Orbl(L,∆′)
such that (L, 〈L, σ0〉,∆′,Q′) is a cyclic TOD of index k′, and by Lemma 4.3, the
corresponding triple (L,H,ΩM ) is as in Construction 2.5. �

We end this section with a summary of the arguments for proving Theorem 1.2.

Proof of Theorem 1.2. Let (G,X,Ω,P) be a cyclic TOD of index pe, where p is a
prime and e ≥ 1, such that X is primitive on Ω. By Lemma 4.1, X is of affine,
almost simple, simple diagonal, compound diagonal, or product action type. By
Remark 4.2, the assertions of Theorem 1.2 (i) hold for the affine case, and those for
the almost simple case in Theorem 1.2 (ii) follow from Theorem 1.1. Finally the
assertions for the simple diagonal, compound diagonal and product action types in
Theorem 1.2 (iii), (iv), (v) follow from Lemmas 4.3, 4.7, 4.6, respectively. �
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5. Proof of Theorem 1.3

This section is devoted to proving Theorem 1.3, regarding vertex-transitive self-
complementary graphs.

Proof of Theorem 1.3. Let Γ be a vertex-transitive self-complementary digraph
with vertex set V . Let σ be a complementary permutation for Γ, that is, σ ∈
Sym(V ) and Γσ = Γ. Let G = AutΓ, and let X = 〈G, σ〉. Let E and E be the edge
sets of Γ and Γ, respectively. Let E , E be the set of G-orbitals in V whose union is
E,E respectively, and let P = {E , E}. Then (G,X, V,P) is a cyclic TOD of index
2. Assume that X is primitive on V . Since |V | is odd (see [LP01, Lemma 2.5]),
by Theorem 1.2, X is affine, almost simple, or of product action type. Moreover, if
X is affine, then soc(X) has odd order; if X is almost simple, then by Lemma 3.1,
soc(X) = PSL2(q2) with q a power of an odd prime; and if X is of product action
type, then soc(X) is a product of copies of PSL2(q2).

Thus, to complete the proof of Theorem 1.3, we only need to prove that in the
case where soc(X) = PSL2(q2), E must not be symmetric. Let T = soc(X). Then
by Theorem 1.1, H ∼= Dq2−1, |V | = q2(q2 + 1)/2, G/T is of odd order, and σ is an
involutory field-diagonal automorphism of G.

Write σ = fd with d diagonal, in the split torus of PGL2(q2), and f a field
automorphism. We can think of V here as the set of all involutions of T with X ≤
PΓL2(q2) acting by conjugation. We shall produce a pair (t, u) of involutions such
that the orbital containing (t, u) is mapped by σ to the paired orbital containing
(u, t). To do this, choose involutions t, u ∈ PGL2(q) = CT (f) with the product
tu having order q − ε, where q equals ε modulo 4. Note that there is no g ∈ T
with (tg, ug) = (u, t): otherwise this g inverts tu, so g belongs to NT (tu); however,
|NT (tu) : NPGL2(q)(tu)| = (q + ε)/2 is odd. So we may take g ∈ NPGL2(q)(tu) =
D2(q−ε). However u and t are not conjugate in D2(q−ε). Hence t and u are not
conjugate in NT (tu). On the other hand, they are conjugate in NPGL2(q2)(tu). It
follows that (u, t)T = (td, ud)T = (tσ, uσ)T = (t, u)Tσ. Hence we have found a
non-trivial orbital (u, t)T that is sent to its paired orbital (t, u)T by σ. Thus one of
E,E contains (u, t)T and the other contains (t, u)T . So E is not symmetric. Hence
in this case there is no TOD (G,X, V,P) of index 2 with each of the two parts of
P symmetric. This completes the proof. �
Remark. The proof shows that in the case where soc(G) = PSL2(q2), V may be
identified with the set of involutions of soc(G) in such a way that 〈G, σ〉 acts by
conjugation. Moreover, σ = df , where d is a diagonal automorphism in the split
torus of PGL2(q2) and f is a field automorphism such that CG(f) = PGL2(q).
Suppose that t, u are involutions such that o(tu) divides q−ε (where q ≡ ε (mod 4))
and o(tu) > 2. Then it is shown in the proof that exactly one of the orbitals (t, u)G

and (u, t)G lies in E. This means that for each pair of G-orbitals of this type
exactly one of them can be chosen to lie in E, giving several possibilities for Γ.
In fact, different PΓL(2, q2)-conjugacy classes of elements tu give different pairs of
orbitals, and hence there are at least (q − 3)/(4 logp q) such orbital pairs (where q
is a power of the prime p), and hence at least 2(q−3)/(4 logp q) self-complementary
graphs admitting G.

An isomorphism ϕ between two of these graphs, say Γ and Γ′, is a permutation
of V , and (AutΓ)ϕ = AutΓ′. Since soc(G) = soc(AutΓ) = soc(AutΓ′), we have
ϕ ∈ NSym(V Γ)(soc(G)) ∼= PΓL2(q2). The number of these graphs isomorphic to
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a given graph Γ is therefore at most |PΓL2(q2) : PSL2(q2)| = 4 logp q. Hence
there are, up to isomorphism, at least 2(q−3)/(4 logp q)/(4 logp q) vertex-transitive
self-complementary graphs admitting G.

We remark that in contrast to Theorem 1.3, in a TOD (G,X, V,P), if X/G
is cyclic of odd prime power order, it is easy to see that we can always choose a
transitive orbital decomposition of G so that all parts are symmetric.

The authors thank the referee for pointing out an error in an earlier version of
the paper.
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[Sac62] H. Sachs, Über selbstcomplementäre Graphen, Publ. Math. Debrecen 9 (1962), 270-288.
MR 27:1934

Department of Mathematics, University of Southern California, Los Angeles, Cal-

ifornia 90089

E-mail address: guralnic@math.usc.edu

School of Mathematics and Statistics, The University of Western Australia, Craw-

ley, Western Australia 6009, Australia

E-mail address: li@maths.uwa.edu.au

School of Mathematics and Statistics, The University of Western Australia, Craw-

ley, Western Australia 6009, Australia

E-mail address: praeger@maths.uwa.edu.au

Department of Pure Mathematics and Mathematical Statistics, Centre for Math-

ematical Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 0WB,

England

E-mail address: saxl@dpmms.cam.ac.uk

http://www.ams.org/mathscinet-getitem?mr=83a:12018
http://www.ams.org/mathscinet-getitem?mr=94j:12007
http://www.ams.org/mathscinet-getitem?mr=84j:20002
http://www.ams.org/mathscinet-getitem?mr=84g:20025
http://www.ams.org/mathscinet-getitem?mr=98k:05119
http://www.ams.org/mathscinet-getitem?mr=2002h:05085
http://www.ams.org/mathscinet-getitem?mr=2001i:20003
http://www.ams.org/mathscinet-getitem?mr=2000i:05093
http://www.ams.org/mathscinet-getitem?mr=27:1934

	1. Introduction
	2. Constructing examples
	2.1. A method for constructing cyclic TODs
	2.2. Almost simple case
	2.3. Simple diagonal construction
	2.4. Product action construction

	3. Proof of Theorem 1.1
	4. Proof of Theorem 1.2
	5. Proof of Theorem 1.3
	References

